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Abstract 

We study Horn 2-functors parameterizing 1-morphisms of algebraic 
stacks, and prove that they are representable by algebraic stacks under 
certain conditions, using Artin’s criterion. As an application we study 
Picard 2-functors which parameterize line bundles on algebraic stacks. 


1 Introduction 

Let S be an affine noetherian scheme over an excellent Dedekind domain. Let 
^ and be algebraic stacks over S. The Horn 2-functor {3^,‘3^) is a 

contravariant 2-functor from the category of affine noetherian schemes over S 
to the 2-category of groupoids given by 

=HOMt(^ xsT,3xsT). 

The right hand side is the groupoid of 1-morphisms. 

The purpose of this paper is to show the following theorem: 

Theorem 1.1. If 31 is proper and flat over S and & is of finite presentation 
over S, the 2-functor Jif = 3^) is an algebraic stack in Artin’s sense 

]Ar^ . 

Here “in Artin’s sense” means that the diagonal 3^ x s is repre¬ 

sentable and locally of finite type. 

It is already known (see inni 4 .1]) that if A is a proper flat algebraic space 
and F is a separated algebraic space of finite type, the functor Y) is 

representable by an algebraic space. Moreover if X and Y are quasi-projective 
schemes, J'W^{X,Y) is also a quasi-projective scheme. This is proved by the 
fact that the map 


jm£{X,Y) Hilb(A X F) 

/ 1 -^ graph of / 

is representable by an open immersion. 
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Unfortunately, we cannot use this technique in the case of algebraic stacks, 
because we do not have “Hilbert stacks” for algebraic stacks yet. The Quot 
functors of Olsson and Starr do not work for our purpose. The 

functor QuotQ^^^ parameterizes closed substacks of x but graphs of 
1-morphisms are not closed substacks in general, even if the stacks and 
^ are separated. For instance, the graph of id : ^ is the diagonal 

^ X which is not a closed immersion unless is representable by 
an algebraic space. 

Olsson ism studied this problem when and 'W are Deligne-Mumford 
stacks. He investigated the map 

Mm {SC,<3^) Mm {^,30 

mapping a morphism to that of its coarse moduli spaces. Even this technique 
does not work for Artin stacks, because they do not have coarse moduli spaces 
in general. 

We prove Theorem Oby verifying Artin’s condition | Ar2| directly. The 
most essential part of the proof is the deformation theory of morphisms of 
algebraic stacks, based on the author’s previous work ESI 

As an application, we prove that the Picard 2-functor |TMl 14.4.7] that 
parameterizes line bundles on an algebraic stack is representable by an algebraic 
stack in Artin’s sense. This is a generalization of Artin’s results on algebraic 
spaces (HrH 7.3], HiS Appendix 2]). 

1.1 Conventions and notations 

In this paper we refer to |LM| for definitions and basic properties of algebraic 
stacks. Especially we assume all algebraic stacks are quasi-separated [LMI 4.1] 
unless mentioned. Algebraic stacks as in Artin’s definition pg2l 5 .1] are called 
“algebraic stack in Artin’s sense”. 

We denote schemes and algebraic spaces by Italic letters like AT, Y and T, 
and algebraic stacks by script letters like SC, 3^ and . Subscripts like SCt 
mean base change ^ ■ Superscripts like X* are used to denote simplicial 

algebraic spaces. 

1.2 Acknowledgements 
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and Dr. Yasuda for useful comments and conversations. 
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2 Deformation of morphisms of algebraic stacks 

In this section we study the deformation theory of 1-morphisms of algebraic 
stacks. This is a generalization of Illusie’s work ||3 HI 2.2]. 
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2.1 Definitions and Statements 

Deformations of 1-morphisms are defined as follows. Let and be separated 
algebraic stacks over a scheme T and f : ^ ^ a 1-morphism over T. 
Consider the 2-commutative diagram of solid arrows: 



Here i,j and k are closed immersions defined by square-zero ideals /, J and K. 
Then a deformation of / is a pair (/, A) where / is a 1-morphism from ^ to 
over T and A:/oi=j»jo/isa 2-isomorphism. A morphism from (/, A) to 
(g, g) is a 2-morphism a : f ^'g such that the 2-morphisms 

i*ao g,X : f oi ^ j o f 

are equal. 

We denote the category of deformations of / by DefmT(/) and the set of its 
isomorphism classes by DefmT(/). 

In this section we prove the following generalization of ||T1 III 2.2.4]. 

Theorem 2.1. 

1. There exists an obstruction o G Ext^(L/*L^/ 7 ',/) whose vanishing is 
equivalent to the existence of a deformation. 

2. If o = 0, the set DefmT(/) is a torsor underTixt^{Lf*L^/T,I). 

3. The automorphism group of any deformation of f is isomorphic to 

Ext-\LrL^/T,I)- 

In the proof of Theorem im we need the deformation theory of morphisms 
of schemes over algebraic stacks. 

Let be an algebraic stack, x : X ^ SX and y :Y ^ tX schemes over IX^ 
and f : X Y a morphism of schemes with y o f = x. Consider the diagram 
of solid arrows: 
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Here i,j and k are closed immersions defined by square-zero ideals /, J and K. 
Then we define a deformation of / to be a pair (/, 7 ) where / is a morphism 
X —> y which satisfies f o i = j o f and 7 is a 2 -isomorphism y o f ^ x whose 
restriction y o f ^ x is equal to the identity. 

We denote the set of deformations of / by Defm 5 ^(/). 

Proposition 2.2. 

1. There exists an obstruction o G {L f*Ly/sy I) whose vanishing is 

equivalent to the existence of a deformation. 

2. If o = 0, Defm 7 ’(/) is a torsor under Ext°(L/*Ly/^, I). 

Remark 2.3. The torsor actions and isomorphisms in Theorem l2.1l and Proposi- 
tion l2.2l are functorial on ^ and T etc. For example, if T ^ C7 is a morphism 
of schemes, we have the natural “forgetting” map 

C : Defmr(/) ^ Beimuif) 

and the group homomorphism 

D : Ext°(L/*L^/T,/) ^ Exi^ {Lf* /u, I) 

induced by the morphism L^/jj —> |LMI 17.3(3)]. Then for any [/] G 

DefmT(/) and a G Ext°{Lf*L^fx , I), we have 

C{a-[f])=D{a)-Ci[f]). 

Note that this is true for schemes and simplicial algebraic spaces (see the proof 
of pH III 2.2.4]). We prove a special case of this for Proposition 12.21 which 
is necessary for the proof of Theorem O A proof for the general case is 
straightforward. 

2.2 Proof of Proposition 12.21 

The strategies of proofs of Theorem 12.11 and Proposition 12.21 are the same as 
those of | Ao| and |012| . 

Step 1: Choose good presentations of algebraic stacks and make associated 
simplicial algebraic spaces. 

Step 2: Compare deformations in the 2-category of algebraic stacks and those 
in the category of simplicial algebraic spaces. 

Step 3: Compare the Ext groups. 

Proof of Proposition Ifl.ijl Let > .17 be a presentation of .17 and = 

. Then P° : ^ .17 is a presentation of f7. Let T* = cosqg(r° ^ .17) 
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and T* = cosqg(T° —> ,T). Consider the diagram obtained by base changes 
T’ ^ and f * ^ ^ 



Then by construction X* = cosqo(X° —>X) and Y’ = cosqQ(y°^y). There¬ 
fore /• : X* Y* descends to a morphism f : X ^ Y. Thus we can define a 
map A' : DefmT»(/*) ^ 

The map A' is bijective: the inverse is obtained by the base change. 

Let I* = ker(Oj^. ^ Ox*)- By the construction of the cotangent complex 
|LM1 17.5], the homomorphisms 

P’x* : ExC(LrLy/^,/) ^ ExC)/*,/*) 
are isomorphisms for all i. 

By H III 2.2.4], the obstruction for the existence of deformation of /* is in 
Ext^ (/•*Ly./y., /•) and the set Defm(/*) is a torsor under Ext°(/**Ly./y., /*). 
This proves the proposition. □ 

Next we prove that the action of Ext groups are functorial on 

Let f : X ^ Y he a morphism over as in Pronosition 12.21 and AA ^ U a 
morphism to a scheme. Here we consider a deformation diagram: 



Proposition 2.4. The natural map 

C : Defmj 7 (/) ^ Defmc/(/) 
is compatible with the homomorphism of groups 

D : Ext°(LrLy/^,/) ^ (f*Ly/u, !)■ 
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Proof. Let T* = cosqo(T°—be the simplicial algebraic space as in the proof 
of Proposition lO Consider the diagram obtained by base change: 



i 

U. 


The map C factors as 

Deim^if) DefmT»(/') Deiuiuif) 

^ Defmt,(P; o /•) = Deimuif o P* ) ^ Defmc,(/) 


and D factors as 

Ext°(P/*Py/^, J) ^ Ext°(/'*Pi../r.,/') ^ Ext°(/**Ly./c/,/’) 

^ Ext°((P; o rTLy/u, n = Ext°((/ o P'xTLy/u. H 

The compatibility of isomorphisms Ci and Di is obvious by the definition of the 
action of [Lf*Ly/sr, I) in the proof of ProDOsition l2.2l That of C 2 and D 2 

follows from the case of simplicial algebraic spaces. For C 3 and P 3 , it follows 
from the definition of the morphism PY*Ly/ij — > Ly,/u ^ II 1.2.7]. For C 4 
and P 4 , it is trivial. □ 

2.3 Proof of Theorem I2.lt Step 1 

Let Py : be a presentation of = SP y° and 3P' 

a presentation of . Then the composition Px '■ X'^ ^ is a 

presentation of 3P. We may assume and E® are affine. Since X'^ ^ and 

yo ^ ^ are smooth, we have the unique deformations X^ SP and 
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Let X* = cosqQ(X°^^) etc. We obtain the following diagram: 


Let /• 


ker(C)j^. 



2.4 Proof of Theorem 12.H Step 2 

The map 

A : DefmT(/*) ^ DefmT(/) 

is defined by sending /* : X* —> Y* to the morphism of associated stacks 

/: W. 

Proposition 2.5. The map A is surjective. 

Proof. Fix [/] G DefmT(/). First we claim that [/] is in the image of A if 
Defm@r(/0) is not empty. To see this, let (/°, 7 ) G Defm@r(/°). We define 
/* = cosqg(/°, 7 ) : X’ Y’ as follows. Since X’ and are the images of 
cosq, by the similar discussion as in jAol 3.1 .3], to give /* it suffices to give 
: X^ Y^. This is equivalent to giving a triple (/° opi,f^ op 2 , e), where 

e: Py o f° o Pi Py o f° op 2 

is a 2-morphism. Now we put e = P27 ° Then A{f*) = [/]. 

By Proposition [^1 the obstruction for the existence of (/°, 7 ) is in 
Ext^(L/°*Lyo/ 3 ^, 7°). This group is zero because X^ is affine and is 

quasi-isomorphic to a locally free sheaf CH 

Corollary 2.6. The obstruction for existence of a deformation of f is in 
Extl(/**Ly./y,/*). 

For each [/] G DefmT(/), let C be the composition of maps 

Defm^(/0) DeW(/*) DefmT(/*). 

By Proposition 12.41 this is compatible with the group homomorphism 

D : Ext°(L/°*Lyo/^,/°) ^Ext°(/'*Ly./T,^*)- 
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Proposition 2.7. The set Defm 7 ’(/) is the set of Lyo/^, I^)-orbits 

in DefmT(/*) by the action induced by D. 

Proof. Suppose that f*,g* G DefmT(/*) satisfy A{f) = A{g*) = [/]. Then 
there exists (/o, 7), (g^, S) G Defm 3 ^(/°) such that C{f^, 7) = /* and C(g^, 5) = 
g*. Since Defm^(/°) is a Ext°(L/°*Lyo/ 3 r,/°)-torsor, there exists 
cr G Ext°(L/°*Lyo7°) such that a ■ (/°, 7) = {g^, S). Hence D{a) ■ /• = g*. 

Conversely, suppose that f*,g* G Defm 7 '(/*) satisfy D{a) ■ f* = g* for some 
cr G Ext°(L/°*Lyo/g^, 1 °). Let [/] = A{f) and choose (/°,7) G Defm 3 ^(/°) 
such that C'(/o,7) = /*. Then C{a ■ (/°,7)) = D{a) ■ /• = g* . Therefore 
A{g') = [/]. □ 

Proposition 2.8. Fix an object f of Deimrif). Then Aut(/), the group of 
automorphisms of deformations, is isomorphic to ker(T>). 

Proof Fix /• G Defm 7 ’(/*) such that A{f*) = [f] and (/°,7) G C~^{f’). 

First we identify Aut(/) with a subset of Defm 3 r(/°) and construct set- 
theoretical bijection from Aut(/) to C'“^(/*). Let a G Aut(/) and let [3 be the 
composition of 2-morphisms 

Py op ^ oJt 

Then the triple (/°,/°,/9) defines a morphism 

^ fo x^yo = Y\ 

This is an element of Defmy^o(A o p). Here is a scheme over y° by pi : 

^ y0_ 


XO- 



The map 

pI : Defm^(/°) = Defm 3 r(pi o A o p) Defmyo(A o p) 

{P , 1 ') ^ (/°./° , 7 '”^ 07 ) 

is a bijection and compatible with the isomorphism 

pI : Ext°(L/°*Lyo/^, 7°) = Ext°(L(pi o A o f yLyo,^,!^) 
AU Ext°(L(Ao/0)*Lyi/yo,7°) 
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induced by plLyo/'S/ = Ly^/yo. 

Now if^\a') is in C'-^(/*) if and only if 7°' = /° and o = 

P 2 'J°Pi 7 ~^- The latter is equivalent to 

Pi (7 7)=P2(7 7 ), 

which implies the existence of a S Aut(/) such that y' o y“^ = y o PyCt o y”^. 
Thus we can identify Aut(/) with C'“^(/*) as subsets of Defmgr(/°). 

Next we see that the group structure of Aut(/) is compatible with that of 
ker(il)) acting on C'“^(/*). The composition aoa' corresponds to the morphism 

daoa' = (/°, /°,y o Px ao Px a' oy“^) : AO ^ FT 

This is equal to the composition 

PiY^P2 

= Y0 



YO 


On the other hand, the group structure of 

Ext°((A o fyLY/y„I°) - Dero,o(Oxy/°) 

is given by taking sums of derivations Da, Da' ■ Oyi in the topos of etale 

sheaves. Pulling back by pi 2 : ^ we identify Da with a derivation 

Oy 2 = Oyi ^plOyoPi Oyi —A /O 

xiSiy ^ Z)q,(x (g) y) = a;£>a(l (g) y). 

in DeroYi{Oy 2 ,l'^). Pulling back by P 23 -Y^ ^ F^, Da’ is identified with 

Oy 2 = Oyi 0p*OyoP^ (dyi —^ /O 

x0y 1 -^ Da'(x 0 y) = yDa'(x 0 1). 

The morphism (da', da) as above corresponds to a derivation 

Oys = Oyi gpJOyOPj Oyi gp*O.^0P5 Oyi > I 

X 0y 0l 1-^ yDa' (x 0 1 ) 

I0y0z 1-^ yDail0z). 
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Then the morphism daoa' corresponds to the composition: 


Oy‘2 = Oy^ < 8 )p*OyoP 2 ^ 

x®y ^ x®\®y ^ _D((a; (8) 1 ® 1)(1 ® 1 (8i y)) 

= yD{x (g) 1 (g) 1) + xD{l (g 1 (g) y) 
= Da{x (g y) + Da'{x(g}y) 

Thus group structures of Aut(/) and Dero^o (Oyi,/°) are compatible. □ 

2.5 Proof of Theorem 12.H Step 3 

The following lemma completes the proof of Theorem o 

Lemma 2.9. 

1. There is an isomorphism 


Ej,t\r*LY./T,r) ^Ext\LrL^/T,I). 


2. The cokernel of D : Ext®(L/°*Lyo/^, 7°) —> Ext'^(/** Ly /T) t*) 'Iso¬ 
morphic to Ext°(L/*L^/ 7 ’,/). 

3. The kernel of D is isomorphic to Ext~^{Lf*py, I). 

Proof. The morphisms 

^ ft/- ^T 


induce a triangle in DifDy) 

LPy*L^/j’ Ly/T Ly/<3r —> LPy*L,^/ yII], 

and this in turn induces a long exact sequence 

0 ^ Ext-\Lf*LP**L^/T,P) 

Ext°(L/'*Ly./3.,/*) ^ Ext° if* Ly/T, I') Ext°{Lr*LP^*L^/T,r) 

^ Ext\Lr*LY./i^,n ^ Ext\r*Ly/T,n ^ Ext\Lr*LPp*L^/T,P) 

^ Exe{Lr*LY./sr,n ^ 

By the similar discussion as in |012l 4.7], 

ExP{Lr*Ly/^,n ^ ExE(L/°*Lyo/^,/°) 

and the right hand side is zero for i > 0. The isomorphism Pf^* : D^{Osp) 

D^{Ox’) induces isomorphisms 

ExP{Lr*LP^*L^^T,n = Ext\LPf^*LrL^/T,n = ExPiLfL^na). 


□ 
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3 Artin’s criterion 


In this section we prove Theorem ll.ll bv verifying the following Artin’s criterion 

Hrl 5.3], 

1 . is a limit-preserving stack. 

2. satisfies Schlessinger’s conditions. 

(51) If A' —> A and B ^ A are homomorphisms of noetherian rings over 
S and A' ^ A is a small extension, then for any / S Af{A) the 
natural functor 

,^f{A' XaB)^ X J^f{B) 

is an equivalence of categories. Here denotes the subcategory 

of Af{R) consisting of objects g such that g\A — / and morphisms a 
such that a\A = id/. 

(52) If M is a finite A-module and / S J^f{A), then 

Df{M) = OhJ^fiA + M)/ ~ 
is a finite A-module. 

3. Compatibility with completion. 

If A is a complete local noetherian ring with maximal ideal m, the functor 
Jf'(A) ^ LimAr(A/w’^+^) 


is an equivalence. 

4. Conditions on modules of obstruction, deformations and infinitesimal au¬ 
tomorphisms. 

For any / £ Jif{A) and a finite A-module M, there exists a module of 
obstructions Of{M), a module of deformations Df{M) and a module of 
infinitesimal automorphisms Aut/(M) which satisfy the following condi¬ 
tions: 

(a) compatibility with etale localization: 

If A ^ B is etale and g is a image of / in Af{B), 

Dg{M (g) B) ^ Df{M) ®A B 

etc. 

(b) compatibility with completion: 

If TO is a maximal ideal of A and A is a completion with respect to 

TO, 

Df{M) g) A = \}Ta. D f {M / mA M) 

etc. 
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(c) constructibility: 

There is a open dense set of points of finite type A k(p) such that 
Df{M) 0 k{p) = Df{M 0 k{p)). 


etc. 

5. For any / £ J^{A) and a G Aut(/), if a\k = id for dense set of points of 
finite type A ^ k, then a = id. 

3.1 Preliminaries 

We can reduce many properties of to that of '3^ by the following observations. 

Lemma 3.1. Let and 3L be algebraic stacks over S and X ^ an epi- 
morphism (e.g. a presentation of ). Let x ^ . Then the category 

AOMsi^,3^) is equivalent to the following category: 

• An object is a pair (/°, a) where /° is an object of 3^{X^) and a : Pi/° => 
P 2 /° is a morphism in 3^{X^). 

• A morphism from (/°, a) to (g^,P) is a morphism j '■ f^ g^ in 3^(X^) 
such that P 27 o a = P op *7 in 3^{X^). 

Proof. This follows immediately from the fact that is a stack associated to 
the groupoid ^ X° by CM 3.8]. □ 

Lemma 3.2. Let y : 3^ S be an algebraic stack over a scheme S, (p : T ^ S 
a morphism of schemes and x : J%t T an algebraic stack over T. Then the 
natural functor 

AOMt{3Tt,3^t) AOMs{^t,3^) 

is an equivalence of categories. 

Proof. If PPt is a scheme, this is clear by the construction of fiber products [TM 
2.2.2]. In the general case, let X° ^ be a presentation and =X°x^X°. 
Then by the case of schemes we have 

^t(X°) ~ 3^{X°) 

3^t{X^) ^ 3^{X^). 

The result follows from Lemma rm □ 

3.2 Limit preserving stack 

Fix a presentation X° ^ and let X^ = X° X°. Then if {Ui —> U} is an 
etale covering, so is {Xj}. ^ X^} for fc = 0,1. The conditions of stacks for 
follows from those of 3^: 
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1. Let / and g be objects of Jif{U) and ip,ip : f ^ g he morphisms in J^{U). 
Suppose that g)\i = ip\i in J^f(Ui) for all i. By Lemma |d.2l ip and ij) are 
identified with morphisms in HOM(.^j/, '3^). Let ip' and ij)', morphisms in 
corresponding to p and ip by Lemma fd.il Then p'\x°^_ = 
for all i imply p' = ip'. Hence p = ip. 


2. Let / and g be objects of Jif{U) and pi : f\i => g\i morphisms in Jif{Ui). 

Suppose that pi\ij = Pj\ij for all i andj. Let (/°,a) and ( 5 °,/?) be pairs 
corresponding to / and g, and p'^ morphisms in {X^,) corresponding to 
Pi. Then p'i\xo = p'j\x° imply existence of ip' : ^ g° in 

such that ip'\xu- = fi- Since 

P2i’'\xu, °a\xu^ = Plxu, 

hold for all i, 

P21P' o a = P op*Ip' 

and Ip' corresponds to a morphism ip : f ^ g in such that ip\i = pi. 

3. Let fi be objects of 3f{Ui) and pij : fi\ij morphisms in J^{Uij) 

which satisfy cocycle conditions: 

Pjk\ijk O Pij\ijk — Pik\ijk- 

Let {fi,ai) be pairs corresponding to fi and (/sL morphisms in 
corresponding to pij. Then by the cocycle conditions 

there exists an object /° of 3^{X^) and morphisms ip'i : /°|x° fi such 
that p'ij o tp'i\x«,. = -■ Let 

A =P2f^r^ oa^op*ip'^ -Plflxp, ^P2f\xp,- 

Then 

= P* 2 f^r^ Ua,. o ° aj Ua,. O P*iP'ij o plip'Pxu,^ 

= P 2 i^'j~^\Xcf,j o Uj IXa,. o pI 'P'j IXt/,. 

= /^iUc/y ■ 

Therefore there exists /3 : p*/® P 2 /° i^u) such that / 3 |x[ 7 . = Pi- 

The pair {f^,P) defines an object / of The morphism ■!/)' satisfies 

P2i’i°l3\xu, = ot^ oplP'^. 

Therefore ip'i corresponds to ipi : f\i ^ fi such that pij o ippij = ipj\ij. 

M’ is limit-preserving by |LMI 4.18], 
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3.3 Schlessinger’s conditions 

First, let \ A' ^ A and tp : B ^ A he homomorphisms of noetherian rings 
over S and suppose is a small extension. Let / £ Jff{A). By Lemma [11.21 the 
condition (SI’) on Jtf is equivalent to the equivalence 

HOM/(JCcx^b,^) ^ HOM/(trA',^) X 

Let ^ be a presentation. Since ^ is of hnite type over noetherian 
base, we may assume is a noetherian affine scheme Spec R. 

Lemma 3.3. The homomorphism 

TT : R^{A'XaB) (i? (g) d') (i? ® S) 

r®{a',b) I—> {r®a',r®b) 


is an isomorphism. 

Proof. The kernel of the projection A' Xa B ^ B is isomorphic to kertp and 
the kernel of {R (g) A') Xb.®a {R® B) ^ R® B is isomorphic to ker(id/j 
Since R is flat, the horizontal sequences of the following diagram are exact: 


0 

0 


R ® ker tp -^ R (g) {A' Xa B) -^ 

II 

R ® ker p {R <S! A’) x b^a {R^ B) ^ 


R^B^O 

R^B^O. 


It is easy to check that this diagram commutes. Therefore tt is an isomorphism. 

□ 

Let X^ = X^ x^ X^ and {f^,a) a pair correspond to / : ^ as 

in Lemma 13.11 By the condition (SI’) for and Lemma 1301 we have an 
equivalence 

^ X i^/o(X°) 

Since the functor Isom(p*/°,p 2 /°) is represented by an algebraic space, we also 
have 


Isomaiplfxo ,P2fxo ) 

A' X 4 B A' X aB 


Isouiaiplfxo ,P*2fxO )xIsOm„(p);/)(-o ,P2/x» ) 

A' A' B B 


These equivalences proves (SI’). 

By Theorem II .11 we have 

Df.,{M) - Rxt\LflL^,jAo,x*AM). 

This is a finite Aq module because Lf\^L^^^/Ao is coherent and S^Aq is proper 
over Aq. This proves (S2). 
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3.4 Compatibility with completion 

Let An = . The functor 

Jif(A) Lim .^(4n). 

is equal to the functor 

TT: HOMa(JC r,^ I^HOMaJ 
Note that tt is a bijection if ^ and are schemes iTin:^ 5.4.1], 

First we reduce the problem to the case is representable by a scheme 
Consider the functor 

HOM(irA,l^A) ^ HOM((jr^)red,i^A). 

By Theorem l2.ll fibers of this functors are described by Ext groups of the cotan¬ 
gent complexes. They are isomorphic to the limits of those of the reductions 
by the Grothendieck existence theorem for Artin stacks |014l 8.1]. So we may 
suppose that ^a is reduced. 

Let —> ^^A be a proper surjection from a scheme |()13[ 1.1]. Since 

S^A is reduced, the surjective morphism —> ^a is an epimorphism. By 

Lemma rm the functor tt is an equivalence if the categories HOM(A^, and 
HOM(A^, ?^a) are equivalent to the limits of the reductions. 

To see tt is fully faithful, let / and g be objects of the left hand side. The 
functor I = Isom(/, g) is representable by a separated algebraic space of finite 
type over A. So it suffices to show the map 

tt' : Hom(X^,/) —> limHom(A^^,/) 

is bijective. 

This map is surjective by the same argument as in [Enxi III 5.4 .1] using 
the Grothendieck existence theorem for algebraic spaces jKul V 6.3]. 

To see the injectivity of tt' , let a and /3 be the elements of Hom(Ayi, I). The 
functor I' = Isom(a, /3) is representable by a closed subscheme of Xa, and tt' is 
injective if the map 


Hom(A^,/^) ^ hmHom(X^„, l') 
is surjective. This follows from [EGAL III 5.4.1]. 

To see tt is essentially surjective, let {/„} be an object of the right hand side. 

For each n, let be the essential image |LM 1 3 .7] of the morphism (id, /„) : 
Xa„ Xa„ X ^An- More precisely, for any scheme T over A„, the set of objects 
of is equal to X^^(T) and the automorphisms group of an object x is 

equal to the automorphism group of f{x) in ‘30i„(T). 
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Then is a closed substack of Xa^ x Ya„, and proper over An since the 
composition ^ Xa^ x ^ Xa^ is proper. Hence it corresponds to an 
ideal sheaf whose support is proper over An- By the Grothendieck existence 
theorem for Artin stacks |()13[ 1.5], there exists an ideal sheaf of .S^a with 
proper support whose reduction on ^a^ is isomorphic to J^n- Let be the 
closed substack of Xa x ‘ 3 ^a corresponding to . The stack is proper over A. 
Let p ^ Xa the composition ^ ^ Xa x ^Va Xa- 

We claim that p is an epimorphism. This follows from the following lemma. 

Lemma 3.4. 1. Let Z and T be proper algebraic spaces over A and g : Z 

T a morphism over A. If all reductions of g are isomorphisms (resp. closed 
immersions), then g is an isomorphism (resp. a closed immersion). 

2. Let and SZ be proper algebraic stacks over A and g : tSf ^ tX a mor¬ 
phism over A. If all reductions of g are epimorphisms, then g is an epi¬ 
morphism. 

Proof. As in IWTXl I 4.6 . 8 ], we may suppose IX = Spec A. 

1. The open subscheme of scheme-like points jKnl II 6 . 6 ] contains the closed 
subscheme ZZ’aq- Therefore Lf is equal to iX" and iF is an scheme. The 
desired results follow from IeUXI I 4.6.8]. 

2. By the decomposition of g into an epimorphism and a monomorphism 
|LMI 3.7], it suffices to show that if all reductions of g are isomorphisms, 
so is g. 

Now it suffices to show that iX is an algebraic space. Consider the diagonal 
map 

A: ^ X 

This is proper, representable and all its reductions are closed immersions. 
Therefore A is a closed immersion, which means is an algebraic space. 

□ 

Now the category of morphisms from A to 1# is equivalent to the category 
of morphisms from the groupoid ^ Xx'^ =ll#tol^. Construct a morphism 
F : as follows. For any scheme LI and an object x of ^(U), F{x) = x, 

and for any automorphism a of x, F{a) = id^,. 

For each n, the reduction Fn : ^ of F factors through Xa^, hence 

gives a 2-isomorphism a„ : plFn —> P 2 Fn in HOM(i^„ Since the 

reduction is fully faithful, there exists a : ^ p^F in HOM(l^ Xx .4 ^ 

Therefore F factors through Xa- 
The composition 

Xa^<S ^XaxZXa^ZXa 

is the desired morphism. 

Remark 3.5. This discussion will be clearer if we use the theory of “formal 
algebraic stacks” ini by Iwanari. 
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3.5 Conditions on modules 

By Theorem 12.11 the modules Of{M), Df{M) and Aut/(M) are represented as 
follows: 

Of{M)=¥.^t\LrLY^,A,x*AM) 
Df{M)=¥.^t\LrLY^,A,x\M) 
kntf{M) = Y.^t-\LrLY^,A,x*AM) 

Here xa denotes the structural morphism ^a Spec A. 

The compatibility with etale localization is equivalent to that the maps 

Exd(LrL^ 3 /B,/®H) (^ =- 1 , 0 , 1 ) 

are isomorphisms for any etale localization A ^ B. Since Lb/a = 0, we have 
L^b/b — Ltgf^jA^ which induces the desired isomorphisms. 

The compatibility with completion follows from EH 

The constructibility of these modules follows from the semicontinuity theo¬ 
rem for proper algebraic stacks ('Theorem I A. 111 . 

3.6 Quasi-separation of the diagonal 

Let / £ Jf'(d), a G Aut(/) and suppose that a\k = id for a dense set of 
points A ^ k. Fix a presentation P : = Speci? ^ Then P*a is an 

automorphism of Pa* f G ^(A^a)- points R® A ^ k' which factors 

through R®k with aj/c = id is dense in and P*a\k' = id on such points. 
Hence P*a = id because is a quasi-separated stack. This implies a = id. 


4 A remark on quasi-separation 

It is hard to show that the stack is quasi-separated, in other words, it is 
an algebraic stack in the sence of |LM1 4.1]. In the case of Deligne-Mumford 
stacks, Olsson lom needed some extra hyposeses to prove this. In our case we 
have the following partial result. 

Proposition 4.1. Let SP and ‘3^ as in Theorem o Suppose that SP = X is 
representable by an algebraic space and 3^ has a proper presentation 3^. 

Then the stack Jif = {X, 3L) is quasi-separated. 

Proof. What we have to show is that if / and g are objects of JYB/^{X, 3^)(T), 
then the algebraic space IsomT(/, 5 ) is separated and quasicompact over T. 

Let Xf =XtX Xg = Xt Y°, X° = Xf Xx^ Xg and /°, : 
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X!^ —i- morphisms induced by / and g. 
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Let X'^ = X^x X^ and Y^=Y^x Y^. Then X^ and X^ are proper and 
flat algebraic spaces over T. Therefore the functors {X^, li^), {X]^, 11^) 

and jYBy£[X].,Y^) are representable by separated algebraic spaces over T. 
The algebraic space IsomT(/, g) can be identified with a closed subspace of 
MG^{X^,Y^) whose point a satisfiespioa = /°,P 2 °a = and aopi = aop^- 
Hence IsomT(/, 5 ) is separated and quasicompact. □ 

5 Application: the Picard stack 

Let ^ be an algebraic stack over S. The Picard 2-functor l^icsc from the 
category of affine noetherian schemes over S to the 2-category of groupoids is 
defined by 

^ics:{T) = the category of line bundles on 
as in |T;MI 14.4.7]. Then we have 

Theorem 5.1. If 3G is proper and flat over S, then is an algebraic stack 

in Artin’s sense. 

Proof. To give a line bundle on is equivalent to give a morphism .21 
BGrn- Here BG^ denotes the classifying stack of the multiplicative group Gm- 
Therefore 

2>ics: = BG^). 

This is an algebraic stack in Artin’s sense by Theorem ll.il □ 

A The semicontinuity theorem for proper alge¬ 
braic stacks 

Let X ■. — > T be a proper algebraic stack over an affine scheme T = Spec A 
and a coherent sheaf of 0.^-modules on 21. Suppose that T is reduced 
and is flat over T. For each point t of T, let 2It be the fiber over t and 
2^t = ^ ®Ot Kt)- 

Theorem A.l. 
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1. The function on T defined by 


t ^ dimfe(t) 

is upper semi-continuous on Y. 

2. There is an open subscheme U <Z X in which 

k{t) ^ 


is an isomorphism. 

The proof is almost the same as one in [ MuL 5]. The key is the following 
lemma: 

Lemma A.2. Let ST, T and be as above. For each positive integer N, there 
is a complex 

K' : 0 ^ K° ^ ^ - > ^0 

of finitely generated projective A-modules and isomorphisms 

H\S: XT SpecB,^ xaB) XU H\K' ®aB) (0 < z < N) 
functorial on A-algebra B. 

Remark A.3. This is a generalization of the second theorem in [Mill 5]. The first 
theorem in |Mul 5] which claims direct images of proper schemes are coherent 
also holds in the case of proper algebraic stacks | Fal Theorem 1]. We have 
to limit i < N because cohomological dimension of an algebraic stack may be 
infinite. Note that Lemma 1 and Lemma 2 in the proof of |Mul 5] concern only 
modules on A, and the same discussion applies to our case. 

Proof of Lemma \A.‘A Let : A° —> ^ be a presentation with A° affine and 
X' = cosqo(A° ^ ^). Then by cohomological descent, we have an isomorphism 

~ H\X\P'*X^). 

Since A° is affine and jYf is separated, A" is affine for all n and P"*^) = 

0 for z > 0. Let 

and C* be the alternating cochain. Then we have 

Note that PT^{C*) is a finite A-module because ^ is coherent. Moreover, for 
any A-algebra P, 

P^ : := A° Xy SpecP Xt SpecP =: 

is a presentation from affine scheme and 

P°(A”, P]J*^ (g)A B) ~ P“(A”, P"*^) (g)A B 
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because ^ is flat. Therefore we have functorial isomorphisms 

®aB)~W{C' ®aB) (f>0). 

Now replace C" by its truncation t<nC' and construct K* by descending 
induction as in [Mill 5 Lemma 1]. This is the desired complex. □ 

Fix N sufficiently large. Then by T;emma, rA.2l We can reduce Theorem lO 
to statements in homological algebra as in corollaries of iMi 5]. Proofs of these 
corollaries also works for our case. 
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